We discuss some attempts for the construction of gravity duals of QCD-like theories. It is analysed some properties of solutions of 10D Type IIB supergravity theory that attempt to be dual to N =1 gauge theories, in particular the solutions that belong to PapadoulosTseytlin ansatz. We argue that one could obtain 5D effective theories from 10d solutions and it motivates the use of phenomenological AdS/QCD models.
Introduction
Due to the non-linear structure of QCD, most analytical techniques rely on perturbation theory. For very high energies, asymptotic freedom ensures a small coupling constant, that allows one to use perturbative methods to obtain physical amplitudes. In opposition, for low energies, QCD is strongly coupled and therefore the perturbative expansion is meaningless. This makes it very difficult to find analytical tools to analyze the low-energy sector of QCD. This is the main reason why important properties of strong interactions associated with the infrared (IR) physics such as confinement, mass gap and linear Regge trajectories remains unexplained from the QCD Lagrangian using analytical methods.
Nowadays, different techniques have been developed to study non-perturbative aspects of QCD. Examples of such methods are QCD sum rules [1, 2, 3] , Dyson-Schwinger equations [4, 5] and lattice QCD [6, 7] , that requires massive numerical computations.
A remarkable contribution was made by Juan Maldacena in 1998. He proposed an exact mappping between a supersymmetric gauge theory, N = 4 super Yang-Mills theory, in 4D flat space and Type IIB string field theory in 10D space-time AdS 5 × S 5 .
The most interesting fact of this duality is that the strong-coupling regime of large-N gauge theories can be approximated by weakly coupled classical gravities, and vice-versa. Thus, one could use weak-coupling perturbative methods in one theory to investigate the strongly coupled dual theory. As QCD is a gauge theory, we can say that this duality gives some hope for a better understanding of the non-perturbative regime of strong interactions.
Here we are interested in discussing some attempts for the construction of gravity duals of QCD-like theories. In particular, we study 10D solutions of Type IIB supergravity fields that attempt to be dual to N =1 gauge theories [8] . Different from N =4 super Yang-Mills, N = 1 gauge theory encodes some crucial properties of the strong interaction, such as confinement. Important type IIB solutions as Klebanov-Strassler [9] , Klebanov-Tseytlin [10] and Maldacena-Nunez [11] are candidates of N =1 holographic dual. They belong to a more general class of solutions proposed by Papadopoulos and Tseytlin [12] (PT ansatz). In order to analyze the possible duality between the solutions [9, 10, 11] and N =1 SYM, we calculate the isometries of the PT background. We propose an ansatz for the vector fluctuations of the metric and p-forms. Using this ansatz we calculated the spectrum of vector fluctuations for the Maldacena-Nunez solution [11] and found no mass gap [8] .
We discuss that 10D solutions have a 5D effective representation and therefore we can adopt an alternative strategy, focusing on 5D gravity model to describe hadronic physics. In this 5D approach we use QCD properties to construct holographic models in a bottom-up way as the Hard Wall [18] , the Soft Wall [19] and the Dynamical AdS/QCD model [20] .
10D Supergravity Solutions
The low-energy limit of string theory is supergravity. Also, if the curvature radius R of the space-time metric is much greater than the string length l s (low-curvature regions), we can approximate the string action by a classical one. As the AdS/CFT duality is proposed for Type IIB superstring theory, it is an important step to analyze solutions of Type IIB supergravity.
A crucial fact for the duality is that N = 4 SYM is a conformal field theory (CFT). On the gravity side, it is related to the conformal symmetry presented in the AdS 5 metric [13] . In more details, in [14] is shown that the invariance under a scale transformation of the AdS 5 leads to a correspondence between Wilson Loops in N = 4 SYM and minimal surfaces in AdS 5 , which is one of the claims of the AdS/CFT correspondence [15, 16] .
A first step in this research program is to find similar correspondences for super Yang-Mills theories with a small supersymmetry group that can incorporate some QCD features as confinement and chiral symmetry breaking, which is not possible in the case of N = 4 SYM. The N = 1 SYM presents some of those properties and therefore it is a supersymmetric theory closer to phenomenology than N = 4 SYM. We will discuss some classical solutions of type IIB supergravity that are proposed duals of N = 1 SYM.
Field equations
In the Einstein frame, the 10d Type IIB supergravity equations read
where ∇ M is the covariant derivative. R M N is the Ricci Tensor in ten dimensions, φ (dilaton) and χ (axion) are scalar fields. Also,F 3 , F 3 , H 3 and G 5 are anti-symmetric tensor fields that we represent by differential forms. The auxiliary field is given by:
Papadopoulos-Tseytlin Ansatz
A consistent truncation of 10-D Type IIB supergravity was found by Papadopoulos and Tseytlin [12] . It is based on the ansatz presented in the following:
• Metric
where z denotes the holographic radial coordinate. Note that the metric is written in a diagonal form. This is possible because we used a particular notation, based on the following one-forms.
where a(z) is a function of the holographic coordinate.
• Dilaton, axion, C 2 , B 2 and G 5 φ = φ(z) , χ = 0,
Using the PT ansatz we can find type IIB classical solutions. For this we have to solve the coupled system equations (1) - (5) using the ansatz proposed by Papadopoulos and Tseytlin for the metric, C 2 , B 2 and G 5 . The outcome is a system of differential equations in terms of radial variables. In particular, the models proposed by Klebanov-Strassler [9] , Klebanov-Tseytlin [10] and Maldacena-Nunez [11] are solutions that can be cast in a PT format.
Isometries
The Lie derivative of the metric with respect to a Killing vector (ξ) is zero, i.e. , L ξ (g M N ) = 0. Then, we have
Solving Eq.(10), we found that the Killing vectors of the PT ansatz are
See that ξ a have only components in the internal coordinates, i.e.
with M = 1, ..., 10 and i = 6, ..., 10, and the contra-variant components displayed above only depend on the internal 'angular' variables, i.e. ∂ µ ξ M = 0 with µ = 1, ..., 5. An interesting result is that the Killing vectors of the PT ansatz generates an SU(2)× SU(2) algebra. Below we substantiate this claim in detail.
SU (2) × SU (2) algebra
Take the Killing vectors ξ a (11) and let us define the following linear combination:
that in detail reads:
The generators of the algebra are given in terms of the 3 Killing vectors, ς a , a = {1, 2, 3} as:
that in detail are:
We can show that the generators above satisfy an SU(2) algebra:
To illustrate that we calculate explicitly [L 1 , L 3 ] and show that it is equal to −iǫ 132 L 2 . The successive application of the angular operators give:
which is equal to −iǫ 132 L 2 . Similarly, we can perform the same procedure in relation to the Killing vectorsξ + ,ξ − andξ 3 , defining the linear combinations
The generators of the algebra are given in terms of the 3 Killing vectors,ς a , a = {1, 2, 3} as:
The generators above satisfy an SU(2) algebra:
We can show that not only the metric but also all the p-forms of the PT ansatz are invariant under the SU(2) × SU(2) isometry generated by the six Killing vectors ξ µ a , with (a = 1, ..., 6). Therefore the SU(2) × SU(2) isometry is an Exact Symmetry of the theory. In our interpretation, the presence of such symmetry is a remnant of the breaking of N = 4 to N = 1 [8] . 4 
Maldacena-Nunez Solution
The Maldacena-Nunez (MN) solution [11] for the coupled type IIB supergravity equations is obtained for the case where G 5 =0, H 3 =0, χ = 0 and b = a. It is given by the metric
with the radial functions given by
For later use, notice that
, ||g|| = N 6 5 64 e 5φ e 4g sin 2 θ sin 2θ .
The next step is to define our ansatz for the vector fluctuations of the metric and p-forms in the MN background. We defined a one-form µ
The outcome for the SU(2) sector (ξ (4) , ξ (5) and ξ (6) ) of the MN background is given by µ
We can define the fluctuations of the metric and p-forms as
Setting δφ = 0, δg µν = 0, δg ij = 0 one has g M N δg M N = 0, i.e. δ ||g|| = 0. Therefore
and
Spectrum of vector fluctuations
After the definition of the fluctuations for δg M N and δC M N , we have to apply our ansatz (24) for the Type IIB equations. Focusing on the SU(2) sector of the MN background, we obtain a single dynamical equation:
where
Note that f µν is defined in terms of the vector fluctuations A µ and therefore the solution of the equation of motion (27) gives the vector fluctuations for the SU(2) sector. There are two cases to consider ν =ν (ν runs from 1 to 4) and ν = 5. For ν = 5 one simply gets:
that allows one to express A 5 in terms of the longitudinal component of Aμ.
For ν =ν one gets
Setting Aμ = aμ(z)e ip·x and A 5 = b(z)e ip·x one can solve for aμ(z) and b(z). Decomposing aμ(z) into longitudinal (a L (z)) and transverse (a T µ (z)) components according to
one finds
which can be set to zero by a gauge transformation. The surviving transverse components then satisfy an equation
Changing notation a T µ = T , we have
After setting
the equation takes on a Sturm-Liouville form
The first interesting point is that despite the fact that we are solving a 10-dimensional problem, the dynamical fluctuation equation is one-dimensional, in which the only dependence is on the radial coordinate (z). This result motivates one to write an effective Lagrangian in a space with fewer dimensions that gives the same one-dimensional dynamical equation. This relates to the 5-dimensional holographic models that we will discuss in the next section. The second observation is that there are no discrete states associated to the bulk vector fluctuations for the MN background (35). The reason is that the effective potential given by
tends to a constant in the IR limit (z → ∞). Despite the area-law behavior of the Wilson loop in the MN background [11] , the continuous spectrum presented by the vector fluctuations disagrees with the holographic interpretation of the MN background as a dual to a confining theory such as N = 1 SYM.
5d Holographic Models
Starting from a 10D holographic model we can find a 5D effective action. For a review, see e.g. the paper by Berg, Haack and Mueck [17] . An interesting result of this work is the construction of an effective 5D action with several scalars starting with a 10D consistent truncation of type IIB supergravity described by the PT ansatz [12] . In the 5D effective action, each scalar has a different sigma model metric. We can understand this equivalence as a parametrization of the 10D fields of type IIB supergravity by a 5D metric and a set of scalar fields.
In addition to this analysis, another motivation for using the 5D holographic models is the fact that the dynamical equation for vector fluctuations of the MN solution (27) is not dependent on the internal variables. Therefore, from an effective field theory point of view, it would be possible to obtain the same equations of motion neglecting the internal space.
The pioneer 5d holographic model is the Hard Wall [18] where confinement is introduced by an IR cut-off in the AdS 5 . It can reproduce a huge amount of hadron phenomenology [21, 22, 23] . In particular, the conformal invariance of AdS 5 in the UV region reproduces the counting rules which govern the scaling behavior of hard QCD scattering amplitudes [24] , while an infrared cutoff on the fifth dimension implements the mass gap and discrete hadron spectra.
However, in contrast to the observed approximate linear Regge behavior [25, 26, 27] , the hard-wall predictions for the squared masses of light-flavor hadrons depend quadratically on the radial excitation. In order to obtain linear trajectories, it was proposed a model [19] where the AdS 5 geometry is kept intact while an additional dilaton background field with quadratic dependence on the extra dimension is exclusively responsible for conformal symmetry breaking. However this model does not exhibit the area-law behavior. In addition, the soft-wall background is not solution of the 5D Einstein equations. In the soft wall model the dilaton field is an inert scalar, i.e. it has no dynamics.
We then adopted a phenomenological point of view to access the mesonic spectrum. We found a solution of the five-dimensional Einstein-dilaton equations which provides an approximate dual background for holographic QCD [20] . The motivation of this model was to overcome two difficulties presented by the Soft Wall model [19] . Using this Dynamical AdS/QCD model we obtained the Regge spectrum of high-spin mesons. Different from the Soft Wall model, the proposed dilaton-gravity background proposed has confinement through Wilson loop analysis [28] and is a classical solution of the 5D Einstein equations.
We applied the "Dynamical AdS/QCD model" to study scalar and pseudoscalar mesons. We obtained the Regge-like spectrum of the f 0 family in agreement with the experimental data [29] . Using this model we calculated the spectrum of light mesons [28] , including scalars [29] . We also obtain the decay amplitude of scalars into two pions [30] .
Summary
It is important to stress several differences between the dual particle representation in the 5D models and the 10D models. In the 10D perspective, we interpreted the vector fluctuations of the background of a classical solution (gravity side) as the holographic dual of vector particles (field theory side). On the other hand, in the 5D model, we introduced an additional tensor field of spin S propagating in a deformed AdS 5 as the dual representation of a spin S meson [20] . We believe that the necessity of introducing an additional field, instead of a fluctuation of the background fields, is related to the fact that our 5D model is an "effective" representation of a 10D solution. Therefore the physical complexity of the 10D tensor fields is naively represented by the dilaton potential of our 5D Dynamical model, V(Φ). Following this interpretation, we argue that the additional 5D fields propagating in a deformed AdS 5 play the role of the vector fluctuation of the metric and p-forms in a 10D model.
We are also interested in modifying the MN solution to introduce Λ QCD at some level, in an attempt to obtain a discrete mass spectrum for the fluctuations. The absence of a mass gap in the MN solution is connected to the IR behavior of the effective potential of the corresponding dynamical equation. The challenge would be to find a solution of the type IIB field equations (1) -(5) that has a confining effective potential (i.e V ef f ∼ z λ , λ > 1) for the fluctuations. This could lead to another step in the bottomup approach to duality by starting from a 10D perspective to obtain hadronic properties. Finally, we hope that our phenomenological study of a 5D dynamical model, consistent with the available experimental data, may constitute a useful guidance to building a 10-dimensional gravity model that describes the hadron spectrum. A 10-dimensional supergravity theory dual to QCD is still missing. This is a hopeful goal because, from the supergravity side, one would approach a low energy limit of string theory that aims to describe the strong interaction. The bottom-up approach looks promising from the point of view of the phenomenology, but there is still a long journey to a 10-dimensional theory.
